Abstract
and we find these values for the following cases: When γ is a line and the points of S are 13 in one of the halfplanes defined by γ, then r γ (n) = Θ * (2 n ) and r γ (n) = Θ * (4 n ). When γ 14 is a convex curve, then r γ (n) = O * (16 n ). If all the points are on a convex curve γ, then 15 r γ (n) = r γ (n) = Θ * (5 n ).
Any circle enclosing S is intersected by the rays in the set R in clockwise cyclic order 25 r π(1) , . . ., r π(n) , where π is a permutation of 1, . . . , n. Given a set S of n points, we are 26 interested in finding the number r(S) of different cyclic permutations in which a circle at 27 infinity is intersected by shooting non-crossing rays from the points of S. We say that these 28 cyclic permutations are feasible for S, that these permutations are induced at infinity by the 29 rays, and also that the set of non-crossing rays enables a permutation.
30 Figure 1 shows the six cyclic permutations that can be obtained for a particular set S of 31 four points. As the number of cyclic permutations of four elements is precisely 6, we see that
32
for the pictured set of points, r(S) = 6.
33
Whenever possible, we group the issues of bounding, estimating or finding r(S) together 34 under the name the non-crossing rays problem for S. In general, this proved to be a challeng-
35
ing problem for us, even for relatively regular point configurations; e.g., point sets in convex 36 position. For this reason, in this paper we have mainly focused on bounding r(S) and on look-37 ing for configurations of points achieving extremal values. Let us define r(n) = max |S|=n r(S) 38 and r(n) = min |S|=n r(S). The main results we have obtained in this regard are 39 r(n) = Ω * (2 n ), r(n) = O * (3.516 n ), and r(n) = Θ * (4 n ),
where in the notations Ω * (), Θ * () and O * (), we neglect polynomial factors and give only the 40 dominating exponential term. In other words, neglecting polynomial factors, for any point set
41
S there are at least 2 n and at most 4 n ways of shooting non-crossing rays generating different Figure 1 : The six cyclic permutations induced by non-crossing rays.
A similar problem can be formulated when non-crossing segments and arbitrary simple r l (n) = Θ * (2 n ) and r l (n) = Θ * (4 n );
i.e., for any point set S, there are at least 2 n and at most 4 n ways of connecting the points to For the case in which γ is a convex curve enclosing S, we have proved that 64 r γ (n) = O * (16 n );
i.e., for any point set S and for any convex curve γ enclosing S, there are at most 16 n different 65 ways of connecting the points to γ generating different cyclic permutations.
66
Finally, we have proved that if the n points are on a convex curve γ, then 67 r γ (n) = r γ (n) = Θ * (5 n );
i.e., for any set of n points on any convex curve γ, there are exactly 5 n different ways of 68 connecting the points to the curve generating different cyclic permutations.
69
To the best of our knowledge these enumerative problems, which we consider to be quite This theorem is obtained by showing that 2 n−1 ≤ r l (S) ≤ 4 n for any point set S (Lemma 117 1), constructing a set of points for which r l (S) ≈ 4 n (Subsection 2.1), and constructing as 118 well a set of points for which r l (S) ≈ 2 n (Subsection 2.2).
119
The upper bound in Lemma 1 was already proved by Sharir and Welzl (see [24] ) in the 120 context of counting non-crossing straight-line perfect matchings for points on the plane; we 121 include the proof for the sake of completeness.
122
Lemma 1. Let l be the x-axis, and let S be any set of n ≥ 1 points in the halfplane y > 0. Proof: Consider the point in S with maximum y-ordinate, p 1 . For every i, 0 ≤ i ≤ n − 1, 126 the point p 1 can be joined to some point q 1 on the line l in such a way that i points of S lie 127 to the left of the line p 1 q 1 and the remaining n − 1 − i lie to its right. In any l-matching, 128 the points to the left of p 1 q 1 must be matched with points on the x-axis that precede q 1 , and 129 those to the right of p 1 q 1 must be matched with points on the x-axis that come after q 1 .
130
Therefore we have r l (S) ≤ n−1 i=0 r l (i)r l (n − i − 1) and, as the set S is arbitrary, we 131 also get the inequality r l (n) ≤ n−1 i=0 r l (i)r l (n − i − 1). Since the solution of the recurrence 132 r l (n) = n−1 i=0 r l (i)r l (n−i−1), with initial conditions r l (0) = r l (1) = 1, is the Catalan number 
135
To prove the lower bound, we proceed as follows: Let l be the horizontal line with equation 136 y = 0, and suppose without loss of generality that all of the elements of S lie above l and 137 have different y-coordinates. Suppose that the elements of S are labelled p 1 , . . . , p n such that 138 if i < j then p i lies above the horizontal line through p j . It follows that we can now choose a 139 (possibly small) positive slope m such that for every i, the points p i+1 , . . . , p n lie below the 140 lines with slope m and −m passing through p i , 1 ≤ i < n. Let S 1 be any subset of S, and 141 S 2 = S \ S 1 . Now from all of the elements of S 1 , shoot a ray with slope m towards the left.
142
From all the elements of S 2 shoot a ray with slope −m to their right. For p n , we only have 143 one combinatorial possibility left for shooting the ray, since r l ({p n }) = 1. In this way, we 144 obtain 2 n−1 distinct feasible permutations, which can be enabled using segments that can be 145 made arbitrarily close to the horizontal.
146
In the proof of Lemma 1 we have assumed, without loss of generality, that the line l has equation y = 0 and the points in S have positive y-coordinates. Observe then that if we 148 translate the line l vertically downwards, starting from the x-axis, the number of feasible 149 permutations for the translated line goes down as well.
150
More precisely, if l 1 , l 2 , . . . is the set of lines y = y 1 , y = y 2 , . . ., with 0 ≥ y 1 > y 2 > . . ., 151 then r l 1 (S) ≥ r l 2 (S) ≥ . . ., because any permutation enabled on l j by a set T of n segments 152 joining the points in S with points in l j is also feasible for l j−1 , taking the intersections of the 153 segments in T with l j−1 . The reverse is not true in general, because if we extend the segments 154 in T downwards until they reach l j+1 , some crossings may appear. If two segments cross, we 155 may try to slide their endpoints on l j+1 in the opposite direction, aiming to achieve the same 156 permutation that appeared on l j , yet a non-crossing configuration should be reached without 157 sweeping any point in S, and this may not be possible.
158
Now consider the arrangement R of n 2 rays with apices at p i and direction − − → p i p j , for 159 i = 1, . . . , n − 1 and i < j ≤ n. Let us assume, for the sake of simplicity, that no two of these 160 rays are parallel. Then it is obvious from the preceding discussion that for any two horizontal 161 lines l and l , both below all the intersection points in the arrangement R, the set of feasible
162
permutations for the two lines are exactly the same.
163
In addition, every feasible permutation on either of these lines, say l , can be enabled as 164 an l -matching using proper segments or as intersection of l with a set of non-crossing rays 165 shot from S.
166
Thus we have the following result.
167
Lemma 2. Given a set S of n points, and a line l having all the points from S in one of 168 the open halfplanes bounded by l, the number of ways of shooting pairwise non-crossing rays 169 that do not cross l and induce different permutations is greater than or equal to 2 n−1 and less
170
than or equal to C n .
171

The upper bound in Lemma 1: Tightness
172
Let l be the x-axis, y = 0. In this section we construct a specific set of points for which 173 r l (S) = C n , hence achieving the upper bound given in Lemma 1.
174
Lemma 3. There are sets S of n points such that r l (S) = C n . Therefore r l (n) = Θ * (4 n ).
175
Proof: Consider the branch ϕ of the hyperbola with equation xy = 1, lying in the first 176 quadrant. We place n + 2 points p 0 , p 1 , p 2 , . . . , p n , p n+1 on this curve in increasing order of 177 their respective abscissae x 0 < x 1 < x 2 < . . . < x n < x n+1 , according to the following rules
178
(see Figure 4 ):
179
• p 0 and p 1 are two arbitrary points on ϕ (with x 0 < x 1 ).
180
• Suppose that p 0 , . . . , p i have already been placed on ϕ. Let r i be the line tangent to ϕ 181 at p i , let r i be the line through p 0 parallel to r i , and let a i+1 = (x i+1 , 0) be the point 182 where r i cuts the x-axis. We define p i+1 to be the point (x i+1 , 1/x i+1 ) on the hyperbola 183 ϕ.
184
Let e 1 = (1, 0) be the vector in the direction of the positive x-axis. We consider the 
190
We will now prove that the number of feasible permutations induced by l-matchings of
. . , p n } with the line l, the x-axis, is precisely C n , the n-th Catalan number.
192
Let M be any matching of S with l. canonical matchings is therefore h(i − 1)h(n − 1 − i), and hence h(n) satisfies the recurrence
, which is precisely the recurrence formula for the Catalan 217 number C n , with the same initial values h(0) = C 0 = h(1) = C 1 = 1.
218
The segments used in Lemma 3 to construct canonical l-matchings clearly have the addi-219 tional property that they can be extended downwards becoming pairwise non-crossing rays.
220
Therefore the following corollary holds.
221
Corollary 1. There are sets of points S for which r(S) ≥ C n . where all of them are nearly horizontal. We prove now that the bound given in Lemma 1 is 226 asymptotically tight. We prove this by constructing a point set for which r l (S) ≈ 2 n . Lemma 4. There are sets S of n points such that r l (S) = Θ(2 n ). Therefore r l (n) = Θ * (2 n ).
228
Proof: Consider the curve λ with equation y = 1/x(1 − x), for x ∈ (0, 1). This curve has a 229 minimum when x = 1/2. Let p 0 be the minimum point of λ; that is, the point with coordinates
230
( 1 2 , 4). The point p 0 splits λ into two curves which we call the left and right branches of λ. We 231 now define a set S = {p 1 , . . . , p n } of points on λ, recursively placing the points alternatively 
234
• p 1 is chosen to be any point on λ with abscissa x 1 smaller than 1/2, p 2 is chosen with 235 an arbitrary abscissa x 2 > 1 − x 1 , and p 3 is chosen with any abscissa x 3 < 1 − x 2 .
236
• Suppose that p 1 , . . . , p i have already been placed on λ. Let r be the line connecting 237 p i−1 and p i−3 , let r be the line through p i parallel to r, and let p be the second point 238 at which r cuts λ. To assign p i+1 , take any point placed above p in the same branch 239 of λ.
240
Let l ij be the line defined by points p i and p j , 1 ≤ i < j ≤ n. We take l to be any 241 line parallel to the x-axis leaving on its upper halfplane all the intersection points in the 242 arrangement L of lines l ij , as well as all the points in which these lines intersect the vertical 243 lines x = 0 and x = 1. We now prove that for the point set S = {p 1 , . . . , p n } and the line l, 244 the number of feasible permutations is Θ * (2 n ).
245
Observe that the exact position of l does not matter as long as the upper halfplane defined 246 by l contains all the crossings in L. As we explained in Section 2, the number of feasible 247 permutations for any line satisfying this condition is the same, and the feasible permutations 248 can also be enabled using rays.
249
Before counting the number of feasible permutations for S and l, we study two auxil-250 iary values, f (n) andf (n). Let f (n) be the number of feasible permutations enabled by 251 l-matchings connecting the points of S to l, with the additional property that the segments 252 do not cross the line x = 0. Observe that given the way in which l has been selected, the 253 segments in the matching can be taken to be vertical or to have negative slope. Suppose that 254 n is odd, in which case p n is placed on the left branch of λ. The following properties hold for 255 l-matchings not crossing the line x = 0 and the permutations they induce: 256 1. In any l-matching, the segments r 2 = p 2 q 2 , r 4 = p 4 q 4 , . . . , r n−1 = p n−1 q n−1 (the even 257 segments, with even endpoints) appear in this precise order on l, because if an even 258 endpoint q j appeared before another even q j , with j > j , then r j would cross the curve 259 and the line x = 0 as well. 2. f (n + 1) = f (n), because p n+1 is on the right branch of λ and r n+1 is always the last 261 segment on l. then its slope must be greater than the slope of r, and then r n and r j would cross above 268 l (all the crossings among lines l ij are contained in the upper halfplane defined by l).
269
Therefore r j cannot cross λ.
270
5. Let r be the line connecting p n and p n−2 and let m be its slope. Consider a line l 271 such that all the points in S are in the right halfplane defined by l , its slope is less 272 than or equal to m , and l crosses the curve at two points with ordinate greater than 273 the ordinate of p n . Consider any l-matching and assume that r n does not cross the 274 curve between p n and p n−2 (otherwise, we can rotate r n until it is vertical). Let r j be 275 the first segment that crosses λ when we consider the segments in the order of their In any l-matching, the following possibilities arise for r n : It is the first segment that 284 intersects l from left to right, it is the last segment that intersects l, or it intersects λ between 285 two points p i and p i−2 . In the first case, we can place r n vertically, obtaining a problem of 286 the same type with n − 1 points (in fact, using the second property, this would be a problem 287 with n − 2 points). In the second case, we can place r n nearly horizontally towards the right.
288
Suppose now that r n crosses λ between p i and p i−2 , with i odd. In this case, r n−2 , 289 r n−4 , . . ., r i are the first segments cutting l and exactly in this order, because according to 290 the fourth property, none of these segments can cross the curve. Furthemore, the segments r i−1 , r i+1 , . . . , r n−1 must be the last set of segments with endpoints on l, and precisely in this 292 order, because no other segment can cross λ above p i−1 , and according to the first property 293 they must appear in this order. Since these sets of segments are forced, according to the fifth 294 property, we have a problem of the same type with i − 2 points in which r n cannot be crossed; 295 i.e., r n would play the role of the line x = 0 in the original setting.
296
Finally, suppose that r n crosses λ between p i and p i−2 , with i even. According to the first 297 and fourth properties, there is only one way of placing the segments, namely r n−2 , r n−4 , . . ., 298 r 1 , r 2 , r 4 , . . ., r i−2 , r n , r i , r i+2 , . . ., r n−1 .
299
Therefore the following recurrence relation holds for f (n):
for every odd integer n > 3.
301
Using the fact that
see that f n satisfies, for odd integers n > 3, the linear recurrence
Letf (n) be the number of feasible permutations obtained by l-matchings that avoid 304 crossing the line x = 1. When n is even, the problem is symmetric to the previous problem,
305
and using the same arguments as before, we obtain thatf (2) = 2,f (4) = 6,f (n + 1) =f (n)
for all even integers n > 4. Hence,f (n) satisfies, for even integers n > 4, the same recurrence
Using standard techniques [7, 17, 26], we can solve the recurrences (2) and (4) and obtain 310 the following solutions:
Once we have obtained f (n) andf (n), we can count the number of feasible permutations 312 induced by l-matchings from S. Let us denote by h (n) the number of feasible permutations 313 when n is odd, and let h (n) be the number of feasible permutations when n is even. It is 314 easy to check that the first values for h (n) and h (n) are h (1) = 1, h (2) = 2, h (3) = 5 and 315 h (4) = 12.
316
Assuming that n > 3 is odd, we can obtain a recurrence for h (n) as before. Again, 317 the segment r n can be the first one joined to l from left to right, it can be the last one, or 
330
Therefore for h (n) and odd n > 3 we have
Using a similar argument, for h (n) and even n > 4 we obtain
, when n is odd, and
In the same way we obtain the following equation for h (n):
Now, replacing h (n − 1) in h (n) and vice versa, and simplifying, we obtain
Again, using standard techniques for recurrences and doing some calculations, we obtain
Since ( √ 5 − 1)/2 ≈ 0.618 and ( √ 5 + 1)/2 ≈ 1.618, we obtain the claimed result.
338
3 The non-crossing rays problem
339
We now study the problem of determining the number of feasible permutations that can be 340 obtained by shooting n non-crossing rays, one from each point in a point set S in general 341 position.
342
We recall that r(S) denotes the number of feasible permutations for S, and that we have 343 defined the extremal values r(n) = max |S|=n r(S) and r(n) = min |S|=n r(S) for point sets in 344 general position. Then main result of this section is the following theorem.
345
Theorem 2. For every n ≥ 1 we have r(n) = Ω * (2 n ), r(n) = O * (3.516 n ) and r(n) = Θ * (4 n ).
346
The proof of the theorem is split into several subsections. First we prove that there is a 347 polynomial P (n) such that 2 n−2 ≤ r(S) ≤ P (n)4 n for any point set S (Lemma 5 in Subsection 348 3.1). We have already constructed a point set S with r(S) ≈ 4 n (Corollary 1 in Subsection 349 2.1). Finally, we construct another point set S with r(S)
Figure 6: The canonic configuration of the cyclic permutation 15327486.
Bounds for r(S)
352
Before proving Lemma 5, we introduce the concepts of canonical configurations and separable
353
configurations. Given a set S of n points in general position, we say that a ray with apex in
354
S is fixed if it contains a second point of S. We say that a configuration of non-crossing rays
355
is canonical when every ray is either fixed or cannot be rotated clockwise without crossing
356
another ray. Observe that in a canonical configuration every ray is either fixed or is parallel to 357 some fixed ray, both of them going in the same direction. Two possible ways of shooting rays 358 to get the feasible permutation 15327486 for a particular set of points are shown in Figure 6 .
359
Observe that given a configuration of non-crossing rays, we can transform it into a canonical 360 configuration enabling the same permutation by rotating its rays clockwise until each ray 361 contains two elements of S or is parallel to another ray in the same direction containing two 362 elements of S (right part of Figure 6 ). We say that a configuration of non-crossing rays is separable when there exists some line 368 l that does not cross any ray. Otherwise, we say that the configuration is non-separable.
369
Correspondingly, we say that a feasible permutation is separable when its corresponding 370 canonical configuration is separable. Using these concepts, we give lower and upper bounds 371 for r(S) in the following lemma.
372
Lemma 5. Let S be a set of n points in general position. Then
where P (n) is a polynomial in n with degree at most 9.
Proof: Let us first prove the upper bound. Canonical configurations can be classified into separable and non-separable. In a separable configuration, the separating line l leaves a k- 
381
We show that for non-separable configurations a similar upper bound can be proved.
382
In a non-separable configuration, the extension of any ray r i in the opposite direction 383 always hits another ray r j , because otherwise we would have a separable configuration, since 384 we could take the line supporting r j , infinitesimally translated, for a separator. Given a 385 non-separable canonical configuration of rays of S, we can carry out the following procedure.
386
Choose an arbitrary ray r j 1 and extend it in the opposite direction until it hits another ray 387 r j 2 . Next, extend r j 2 in the same way until it hits another ray r j 3 and so on. We continue the 388 process until the extension of some r jt hits one of the previous rays or its extension, which 389 must always happen because the set of rays is finite. In this way we can obtain a sequence of 390 rays r i 1 , r i 2 , . . . , r i k such that the extension of r i j , j = 1, 2, . . . , k − 1, hits the ray r i j+1 at a 391 point q i j+1 , and the extension of r i k hits either r i 1 or its extension at a point q i 1 (see Figure   392 7). .
Figure 7: The two cases for the extended rays in non-separable canonical configurations.
Consider the convex polygon Q with vertices q i 1 , . . . , q i k . By construction, Q contains no 404 points of S in its interior, and the points p i 2 , . . . , p i k lie on the boundary of Q. Let α j be the boundary of Q, then T might not be empty, but in that case, the ray starting at any point 411 p i inside T would necessarily cross the segment joining p i 1 and p i k (right part of Figure 8 ).
412
Therefore any non-separable canonical configuration of rays can be reduced to one of the two 413 types shown in Figure 8 . shown in Figure 8 . The rays shot from points in S 1 cannot cross either r i j , r i j+1 , or T .
418
Therefore, according to Lemma 2, the number of ways of shooting non-crossing rays from S 1
419
and producing different permutations is bounded from above by C |S 1 | , because no ray can 420 cross a line parallel to r i j (or r i j+1 ), leaving S 1 in one of the halfplanes it bounds. The same 421 is true for S 2 and S 3 . As a consequence, we see that there are at most
422 different ways we can shoot non-crossing rays avoiding T that yield non-separable canonic 423 configurations. Since we can choose T in ≤ n 3 ways, and each ray r i j , r i j+1 , and r i k in at 424 most n 2 ways, we obtain an upper bound P (n)C n for the number of non-separable feasible 425 permutations, where P (n) is a polynomial with degree at most 9.
426
A similar argument applies when T is not empty, because the quadrilateral with vertices 427 q i 1 , q i 2 , p i 2 and p i k is empty. Thus we have proved our upper bound.
428
To prove our lower bound we proceed as follows. Suppose without loss of generality that no 429 horizontal line contains two points in S. Take a subset S of S and from every element p i ∈ S
430
shoot a horizontal ray to its left. From every element p j ∈ S \ S shoot a horizontal ray to its 431 right. Since we can choose S in 2 n different ways, we obtain at least 2 n−2 different feasible 432 permutations (the directions of the rays emanating from the lowest and highest elements of 433 S are irrelevant).
434
For the non-crossing rays problem, we were able to construct a point set S for which the 435 upper bound is tight. This is not the case for the lower bound. We believe that the upper 
An upper bound for r(n)
439
In this section we construct a set of points S such that the number of feasible permutations 440 of S is strictly smaller than 4 n , namely O * (3.516 n ). Figure 9 : The basic set of points B.
Lemma 6. There are points sets S in general position such that r(S) = O * (3.516 n ). Therefore 442 r(n) = O * (3.516 n ).
443
Proof: As the proof of this lemma is somewhat long and requires some technicalities, we 444 split it into several sections.
445
Preliminaries: An auxiliary point set. Let C be a circle. An α-arc of C is an interval that we can make these wedges arbitrarily narrow by decreasing the value of α, and that if a 454 ray r j shot from p j crosses the α-arc with endpoints p 1 and p n , then r j is either inside W 1 or 455 inside W n .
456
We construct a set of points S taking two copies of B, denoted B 1 and B 2 , as shown in wedges W 1 γn and W 2 n cross (where the superindices indicate which copy we refer to); see Figure   461 10. We use the notation ô B i , i = 1, 2, to denote the circular arcs on which the sets B i , i = 1, 2, 462 are respectively placed.
463
To prove that the number of feasible permutations for S is strictly less than 4 n , we define (see Figure 11 , right). If p n is instead the topmost point, then we definef (n) symmetrically.
470
Observe that when p n is the topmost point, the ray with apex p n must be the first ray we 471 encounter clockwise in any set of non-crossing rays, starting from the direction of the positive 472
x-axis. Hence,f (n) = f (n − 1).
473
Let us give a recurrence formula for g(n). The ray starting at p 1 can be the first ray 474 we find, the last one, or it can intersect the circular arc between p j and p j+1 , splitting the
Figure 10: The set S with at most 3.516 n feasible permutations. 
for n ≥ 2.
480
Using a similar argument and defining f (0) = f (1) = 1, it is easy to see that f (n) satisfies 481 the recurrence relation
483
For example, if r 1 crosses the circular arc between p j and p j+1 , with j < n 2 , then the 484 rays r n , . . . , r n−2j+1 must appear as the first rays and in this order in any set of non-crossing 485 rays. Therefore in this case, the problem is split into two subproblems: one of typef with 486 j − 1 points, and another of type f , with n − 2j points.
487
Let G(z) = n≥0 g(n)z n and F (z) = n≥0 f (n)z n be the generating functions of g(n)
488 and f (n) respectively. From (15), we obtain the following expression for G(z):
. 
496
Furthermore, again using that f (n) < 2 n , for real numbers z in the interval [0, 1/2), we
Taking, for example, k = 20, and using (16) to calculate f (2), f (3), . . . , f (20), we obtain that can be rotated until they go outside W 1 γn without changing the induced global permutation.
518
Therefore counting the different ways of shooting rays from B 1 in this case is equivalent to 519 counting the different ways of shooting rays from B 1 without intersecting a line crossing W 1 1 .
520
For each of these ways of shooting rays from B 1 , there are at most 4 n ways of shooting rays 
542
Let us take k = αn and j = βγn, where 0 ≤ α ≤ 1 and 0 ≤ β ≤ 1 are constants to be 543 chosen later. Using the binary entropy function, we have
For fixed values of α and γ, the amount N (β) = 2 
For a fixed value of γ, the amount Ò N (α) = 2
the different ways of shooting rays with some ray from B 2 intersecting ô B 1 , but with no ray Hence for the bound U 3 , we get
(γ+1)n . subcase 2.2. For the last case, to bound the number of different ways of shooting rays in 554 which a ray coming from B 1 crosses ô B 2 , observe that it is not possible to have two of these 555 rays, because B 2 is a small copy of B and two rays from B 1 intersecting ô B 2 would cross. Once 556 the intersecting ray is chosen (in n(n − 1) possible ways), the number of different ways to 557 shoot the rest of the rays is again bounded by U 3 , using the same argument to bound M as 558 in the preceding subcase. and B 2 to consist of γm and m points respectively, with (1 + γ)m = n, we obtain the claim 567 in the theorem.
568
4 The γ-matching problem for convex regions
569
In this section, we study the number of γ-matchings for the special case of a convex closed
570
Jordan curve γ enclosing the point set S. We also study the particular case in which the 571 points from S themselves belong to the curve.
572
Let C be a closed Jordan curve bounding a convex closed region R C , and let S = 573 {p 1 , . . . , p n } be a set of points in general position in R C . In a C-matching, the n points 574 in S are connected to C by means of n pairwise non-crossing segments r 1 = p 1 q 1 , r 2 = 575 p 2 q 2 , . . . , r n = p n q n (see Figure 12 ). This set of segments induces a (clockwise) cyclic permu-576 tation on C of the numbers 1, 2, . . . , n, a feasible permutation enabled by the C-matching.
577 Figure 12 shows the feasible permutation 12687435 for a set of points and a convex curve. If 578 r C (S) is the number of feasible permutations for S, then the main result of this section is the 579 following.
580
Theorem 3. If n ≥ 1, then r C (S) ≤ 4 n C n . Moreover, if the n points of S are on the convex 581 curve C, then r C (S) = Θ * (5 n ).
582
The case of points in convex position will be analyzed in Subsection 4.2, and the first 583 result of the theorem will be proved in Lemma 7. 
Point sets in convex regions
585
Before we prove Lemma 7, observe that if we take a sequence of nested convex regions,
that if all the intersection points between pairs of lines defined by two points from S are in 588 the interior of the region bounded by C i , then r C i (S) = r(S), where r(S) is the number of 589 feasible permutations generated by non-crossing rays from S. Therefore for any point set S 590 and any convex curve C for which r C (S) is minimized, we have that r C (S) = r(S).
591
Moreover, since r C (S) increases the more C tightens around S, we see that r C (S) is 592 maximized when C is precisely the boundary of convex hull of S. Figure 13 : The feasible permutations 1257634 and 1275643 obtained with the segments r 3 , r 6 and r 7 going downwards, the segments r 1 , r 2 , r 4 and r 5 going upwards, and enabling the suborders 763 and 1254.
Lemma 7. Let C be a closed Jordan curve bounding a convex region R C and let S = 597 {p 1 , . . . , p n } be a set of points in R C . Then 598 r C (S) ≤ 4 n C n .
599
Proof: Let us assume, without loss of generality, that every feasible C-matching is enabled 600 with no horizontal segment. Then, given a configuration, S can be partitioned into two sets S 1 and S 2 such that if p i ∈ S 1 (p i ∈ S 2 ), the segment starting at p i goes downwards (upwards) in the sense that the vector − − → p i q i points down (up).
603
Suppose a set S 1 of points is given. As in Lemma 1, the segment with apex at the point shot upwards in at most C |S 2 | ways.
609
Now, given an order for the segments of S 1 and an order for the segments corresponding 610 to S 2 , observe that the segments from S 2 can be placed among segments of S 1 in many ways 611 that still enable the two suborders and give different feasible permutations (see Figure 13 for 612 an example of this). Since S 1 can be chosen in 2 n ways, and merging segments of S 1 from 613 S 2 can be done in at most
≤ 2 n different ways, we obtain the claimed upper 614 bound. for the points q 1 , . . . , q n .
620
Throughout this subsection, the points p 1 , . . . , p n of S are assumed to be on a convex Let C be a convex curve, let C be a closed Jordan curve that intersects C a finite number 628 of times (see Figure 14) , and let R C be the convex region bounded by C. and a curve of jump different from 1 (right part) are shown in Figure 14 .
636
Let S = {p 1 , p 2 , . . . , p n } be a set of n points on a convex curve C. Figure 15: Transforming a configuration of non-crossing segments to a curve of jump 1.
Lemma 8. Given a set S of n points on a convex curve C, a permutation π is feasible for a 645 C-matching if and only if π is a 1-feasible order for some curve of jump 1.
646
Proof: We first show that given the order i 1 , . . . , i n induced by a configuration of non-crossing 647 segments, there is a curve of jump 1 visiting the points in that order and vice versa.
648
Given a configuration of non-crossing segments r 1 = p 1 q 1 , . . . , r n = p n q n , let q i 1 q i 2 . . . q in 649 be the clockwise order in which the endpoints of the segments appear on C. We can build 650 a simple closed curve Ò C connecting the points q i 1 , q i 2 , . . . , q in (in which we assume the con-651 vention q i n+1 = q i 1 ) by joining q i j to q i j+1 , j = 1, . . . , n using a clockwise arc outside R C (left 652 part of Figure 15 ).
653
We next modify Ò C to visit all the points p i . Consider the union of Ò C with all the segments p i q i (Figure 15, left) . Slightly modify the arc of Ò C hitting C at q i j to hit C at a point y i j 655 slightly before q i j (counterclockwise), and finally add the n segments p i j y i j (Figure 15, by the set of segments in the matching.
659
Conversely, let C be a curve of jump 1 with respect to C that visits the points of S in Figure 16 ) can consist of a segment and the part of C i 674 connecting the endpoints of the segment.
675
For each region R k i , and from each point p t of S belonging to R k i , we can join p t across R k i 676 with a point q t on C i in such a way that the order on C of the endpoints q t of the segments 677 p t q t (dashed lines in Figure 16 ) is the same as the order of the endpoints p t on γ i . As a point 678 p k from S on C i belongs to both R k i and R k+1 i
, either of these two regions can be chosen for 679 placing the endpoint q k of the segment corresponding to p k .
680
Finally, if the path γ i consists of only one point p m of S, then we can join p m with a point 681 q m placed either on the arc (p m , p m+1 ) of C or in the arc (p m−1 , p m ).
682
Since this construction can be carried out for all the paths γ i , and the extremes y i and 683 x i+1 of each path are placed consecutively on C, we see that when the points from S are 684 joined with C in this way, the order induced on C in the resulting C-matching is the same as 685 the order in which the points in S are visited by C .
686
Curves of jump 1 visiting n points in convex position were studied by García and Tejel 687 in the context of analyzing the possible orders in which the points of the second convex hull 688 of a set S of points can be visited in a simple polygon having as vertices the points from S
[15]. In that paper, the authors characterized all the possible orders in which n points in 690 convex position can be visited using curves of jump 1, and they gave recurrence formulas, √ π n −3/2 5 n .
As a consequence of Lemmas 8 and 9 we immediately obtain the following result.
698
Lemma 10. Given a set S of n points on a convex curve C, r C (S) = Θ * (5 n ); i.e., there 699 are 5 n different ways of connecting the n points to the curve using segments and generating 700 different cyclic permutations. For the non-crossing rays problem, we have proved that r(n) = Ω * (2 n ), r(n) = O * (3.516 n ),
703
and r(n) = Θ * (4 n ). While the upper bound is tight because there are sets of points for which 704 r(S) ≈ 4 n , we do not know whether the lower bound is also tight. We have tried different 705 sets of points for which the number of feasible permutations is close to 2 n , but we have not 706 obtained any properly tight result. For one of these sets, namely the vertices of a regular 707 n-gon, we can show that r(S) ≥ 2.31 n , using a long and tedious computation. We think that 708 2.31 n is the right value for a regular n-gon, but we have not been able to prove this to date.
709
In any case, we believe that the lower bound 2 n is tight up to polynomial factors. Hence, we 710 conjecture the following.
711
Conjecture 1. There are sets S of n points in general position such that r(S) = Θ * (2 n ).
712
For the γ-matching problem, we have proved that r C (S) ≤ 4 n C n when C is a convex curve 713 enclosing the set of points. Note that for a given set S, the value r C (S) reaches a maximum 714 when C is the boundary of the convex hull of S, and that r C (S) = Θ * (5 n ) when the n points 715 of S are on a convex curve C. Therefore, given the convex curve C, the case of S being n 716 points on C appears to be the case for which r C (S) is maximal. As a consequence, for a given 717 convex curve C, we tend to believe that 16 n is a quite rough upper bound for r C (S), and that 718 the real value of r C (S) is much closer to 5 n than to 16 n , for any S inside the region bounded 719 by C.
